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SUMMARY

DA quasi-one-dimensional theory is developed for thes flow in &n
air-air ejector with sonic injection, It is based on the concept of "general®
or "two stream" choking and deals with the constant area cempressible mixing
of two streamsof the same gas with constant specific heats, Some numerical
sclutions are presented for the case of an air-air ejector, The effects of
the totasl pressure ratio and total enthalpy ratio between the injected streams
are determined for verious geometries, The maximum flow or choked solutions
are also investigated., The theory is extended to cover the cases of
supersonic injection and the mixing of two different gases. A few numerical
results for supersonic injection are presented.
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Nomenclature

cross-sectional area
momentum function of ﬁij
total enthalpy

total enthalpy ratio -primary/secaondary
total enthalpy ratio mixed/secondary
ensrgy ratio i (y - .1 )/2

Mach number

mass flow ratio secondary/primary
back pressure

total pressure

static pressure

velocity

nass flow density function of aij

area ratio A“/A3

area ratio A12/A3

area ratio A12/h22

ratio of specific heats Cp/Cv

total pressure ratio Pt11/Pt2

total pressure ratio Pt12/Pt2

total pressure ratio Ptj/P

t2

isentropic pressure ratio p/Pt for the
the Jjth plane

density
Suffix
refers to the primary before mixing

refers to the secondary before mixing

ith

stream at

refers to the mixed stream at the crosc-sectional plane 3

refers to the condition into which the ejector exhausts

refers to the ith stream at the jth plane
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1. Introduction

The effects that occur when two gas streams are allowed to mix
dynamically in a closed channel have been recognised and made use of for some
time, Examples of applications include such devices as ejectors, jet pumps,
thrust augmentors, ets, The design and optimise%ion of these.machines
requirss a theory and a method of analysis which are reasonably accurate,
and yet, not so complex that they become impossidble to apply. Ideally a
theory that would supply an explicit algebraic solution would serve best,

To date, no such theory has emerged and it is generally recognised that all
sclutions have to be obtained either numerically or graphically., When using
& numerical method for optimisetion it must be possible to make surveys of

the effects of the various controlling parameters on the solution, When the
analysis is very complex this procedure beccmes very tedious if not impossible,

The problem is one of finding a suitable cempromise between theories
that describe the flow in great deteil for a given situation and that are highly
complex,fand theories that are simple but do not explain all the effects .hat
are found to take place, The approaches made so far fall into two main groups,
one on either side of the optimum, Firstly there are those that deal with
the actual mechenism of the mixing process, These methods are similar to
those used for free Jjets and of'ten involve & boundary layer itype of analysis
of the mixed region between the two streams and a two-dimensional description
of the streams themselves. This approach is mainly used in low speed work or
where compressipility effects are not great, The analysis is extremely
complicated. and the solution obitained .ot only corresponds to & unique set
of control parameters but is also heavily dzpendent upon the actual gecmetry
of the situation,

In their simplest form the methods in the second group reduce to
setisfying the cne-dimensional equations for corservation of mass, momentum
and energy between the two stweams just prior to mixing and the combined stresnm
when it is entirely mixed, Both streams are assumed to consist of the same
perfect gas with constant specific heats, These solutions do not take iunto
account the effects of viscosity or the mechanism of the mixing process. As
might be expected, such theories do not give very satisfactory results in
predicting experimental flows or in the explaration of the effects observed,
The analysis becomes especially simplified in two special cases; mixing at
constant pressure and mixing at constant cross-sectional aree, In both cases
the simplification is dues to the wall pressure term in the momentum equation
becoming trivisl,

The comparative simplicity of the cne-dimensioneal approach makes the
sacond group of methods preferable for use in an overall study of 2jector flow
processes, Several improvements have been rade to the basic theory to try to
rectify the short comings mentioned above, Most of these improvements, in
dealing with mixing at constant cross-sectional area, divide the total solution
into separate regimes, Each regime represents a perticular flow pattern and
is described by its own theory and its own set of relations, The main
distinguishing factor between the regimes is the behaviour of the primary stream
on entry to the mixing duct. There is a slight difference in the division of
the solution into regimes between the cases of sonic and supersonic injectien,

In sonic ejectors, thut is those with convergent injection nozzles,
four major flow regimes appear, Firstly, if all the pressure differences in
the system are small, the flows will be subsonic and both sireams will enter
the mixing zone at the same static pressure. This is known as the subsonic
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regime, If the pressure against whioh the ejector exhausts is lowered, it
increases the mass flow rates, the primary stream becomes choked at the throat
of the injection nozzle and enters the duect in an underexpanded stats, When
the primary is underexpanded, but the flow is still dependent on the exheust
pressure, the flow is then said to be in the mixed regime. As the exhaust
pressure is lowered still further there occurs a limit beyond which it no lenger
has any effect upon the flow, When this state is reached the ejector is said
to be working in the supersonic regime, This is the solution of maximum mass
flow for fixed upstresam conditions, If, also, the total pressure ratio between
the two streams is lsrge or the injsction area of the secondary stream is small,
the expension of ine primery stream may tend to cut off the secondary stream
altogether, Solutions in which this effect is daninant are said to be in the
base pressure regime,

Ejectors in which the primary stream enters the mixing duoct through
a convergent-divergent nozzle are called supersonic ejsctors. The naming of
the flow regimes that occur in these is due to Fabri, The solution, which. is
independent of the downstream pressure, is split up into three sub-groups
determined by the state of the primary stream on the injection to the mixing
zone, Wnhere the primary is underexpanded, the regims retains the name of the
supersonic regime. When the static pressures of the two streams are equal on
entry and the secondary stream is choked, the flow is in what is termed the
saturated conditivn, If the primery stream is overexpanded the secondary will
again be choked and the flow is in the supersaturated supersonic regime, The
nixed regime, as before, refers to that part of the solution in which the primary
stream is choked and the flow is dependent on the exhaust pressure, As might
be expected the mixed regime has three subh-divisions, one corresponding to each
of the supersonic regimes above, These are not ususlly given specific names.

The main failures of the simple one-dimensional apprcach are in its
predictions of the solutions in the supersonic regime and its predictions of
the base pressure solutions. The improved theories that try to rectify these
faults, all deal with the region of the flow at the upstream end of the mixing
duct where the two stireams first come into contact, The main differences
between the various thecries lie in the mechanisms whereby they limit the
secondary mass flow,

In dealing with the supersonic solutions, Fabri! considered both
streams tc behave isentropically during the primery expansion, He applied the
conditions of conservation of mass and momentum across the expansion which was
considered to continue until the secondary stream became choked, This theory
seems to have had some reasonabie success with certain ejector configurations,
tut does not prove satisfactory over the whole supersonic regime, It has been
found that no one~dimensional theory is effective in predicting the base prescure
solutions, This is not surprising since it is here that the viscous effects
between the two streams become duminant and no cne-dimensional theory takes
these into account, To deal with the base pressure solutions, Messrs, Chow
and Addil developed a quasi one-dimensional theory which treated the primary
expansion by the method of characteristics using & cne-dimensional treatment
of th2 cecundnry strean ac a boundary condition., A preliminary inviscid
solution is cbteined using similar assumptione to Fabri, Then, = boundary
layer type cf analysis is made of the viscous region along the interstream
boundery thuc obtained, This is superimposed on the inviscid flow and the
whole flow ic adjusted accerdingly, This epproach was found to give goed
results and gave hetter predicticns of experimental flows than that of Fabri, ‘
It sufferc, nowever, from the fact that the calculations involved to predict
Jjust a sinzle flow are very complex and take quite some time, even with the use
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of & high speed digital computer., Being a two-dimensional method, it is also
heevily dependent .u gecmetry and hence, as a method of surveying the total
solution, it is of limited use,

Another epproach to the problem of describing the expansion of the
primery stream one-dimensionally was introduced by Peerson, Hollidey and Smith3
in a paper on a theory for ejector nozzles with short shrouds., Here the
primary stream is considered to expand polytropically until the exit of the
short shroud, where it emerges at the same static pressure as the secondary.
The secondary stream is treated isentropically and the effects of viscosity
and mixing between the two streams are ignored, In the supersonic regime the
mags flow in the secondary stream is limited by an interstream choking effect.
This takes place in the exit plane of the shroud cr mixing duct while the
secondary is still subsonic,

It is the intention of this paper to put forward and examine a theory
end method of analysis which willi explain with reasonable accuracy the effects
thet cccur when two streams of the same perfect gas mix dynamically at constant
cross-sectional area, The streams are considered to have different total
enthalpies as well as different total pressures., The theory is of a similar
nature to that of Pearson, except thet it deals with ejectors with long shrouds
or mixing chambers where the flows have time to become completely mixed, The
limits within which the solutions are applicable are sketched and discussed.
Using the resulting method of analysis, a numerical survey of the problem is
made for sonic and subsonic injection over a wide rangs of conditions, It is
of academic interest to note that there exist in the mixed regime some supersonic
elternative solutions for which there is an cverall gain in total pressure without
infringing on the second law of thermodynamics. The guestion of the physical
existence of such solutions is also discussed,

2. Theory

2,1 The theoretical system and assumptions

The theory is developed for the case of sonic injection, but, es it
will be shown later, it may be easily extended to the supersonic case, The
basic approach to the problem was to take a theoretical system, build up a
mathematical model for it and then find a method of anal’sis that would allow
an extensive survey of its performance, The system that was chosen is showm
in ig, 1, It consists of two reservoirs of a gas exhsusting via & common
channel into a third reservoir or the atmosphere, The mixing process between
the two streams takes place in a duct of c-wmstant cross~sectional area, The
two exhausting reservoirs are connected to uvhis duct by 4wo convergent noz:les
whose combined throat area is equal to the cross-sectional area of the duct,
Hence using the nctation of Fig, 1.

A" +.n2 = AB
For a one-dimensional treatment the geometry of the flow may thuc be expreessed
in o single perameter such as =z (= 41/A3).

For this system the conirollable pe.a~eters may be taken as: the
geometry, the total pressures and the total sntnalpies of the gases in the two
reservoirs, and the back pressure into which ‘he mixing tube exhausts, The
analysis {or the problem in the general state is vesy complex, and in order to
develop = mathematical model with a simple analysis the fnllowing assumptions
are made: the entire process is treated one-dimensicnally, The same perfect
gas with conutani specific heats ic used th- wghout.  The boundary layer and
frictional offects 2% the wells are assumed ¢ be aegligible, Th2 length of
the mixin;- tube is assumed Lo be such that the flox ic completely mixed .t the
exit,

Thece/
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These assumptions reduce the problem to one of four basic parameters:
%, the total pressure ratio and h, the total enthalpy ratio between the two
exhavsting reservoirs, z the geometric parameter, and Pys the back pressure,

The reservoir with the higher total pressure and the stream issuing from it are
designated the primery, and the other reservoir and stream the secondary,

In the range of conditions investigated, the primary totsl enthalpy is always
greater then that of the seccndary,

For the purposes of analysis the flow is divided into three sections
as shewn in Fig, 2b, The first section ccvers the flows from the reservoirs
to the plane of entry to the mixing tube., The second covers the region in
which the mean pressurss of the two streams are nct equal, ard the third from
the plane of equal pressures until the mixing is complets.

In the first region the streams are essumed to flow out of the reservoirs
isentropically and arrive at the entrance to the mixing tube having suffered no
losses. These flows may be considered to be dependsnt upon the static pressures
at the plane of entry,

If both streams enter the mixing duct subsonically it is assumed that
the static pressures of the two streams are eyual at the plane of entry, 1In
such cases the secondary region mentioned above vanishes and the flow goes straight
onto the mixing process, If', however, the primary stream becomes choked at
the plane of entry, the static pressures at this plane need not be equal., There
would thenfollow a process in which the two mean pressures would be equalised,
This is the second region depicted in Fig, 2b, and it ends at the plane where
the static pressure of the combined stream first becomes uniform. The process
consists of a rapid expansion of the primery stream, during which the mean
pressures of both streams fall, though that of the secandary only slightly,

Due to the rapidity of the process it is assumed that there is no mass or

energy transfer between the two streams, Momentum is transferred but only

by the action of the pressure forces on the boundary between the twc streanms.,
Since the mixing duct is parallel sided this momentum transfer must be equal

and opposite, The secondary stream remains subsonic during this process and

is assumed to be described by the one~dimensional isentropic area-velocity
relation, The primary expansion on the other hand is assumed to be irreversible
and the solution for the state of the stream at the end of the expansion may

be determined by simultencously satisfying the following conditions:-

that the mean static pressures of the two streams are equal
at the end of the process,

that the crosc-sectional area of the mixing duct is constant,

thet the momentum transfer during the process is equal and
opposite,

that both mass and energy are conserved within the stream.

After the two mean pressures heve become equal there follows & region
of mixing at constant area by the end of which the static pressure across the
cross-section is assumed to have become uniform, This is the third region of
Fig. 2, and it is anralysed by simply equating the influx of mass, momentum and
energy to the respective effluxes within the combined stream when it is entirely
mixed., The analysis and the relevant equations for each section will now be
developed,

2.2/
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2,2, Theory

Consider the system as shown in Fig, 2. The parameters which must
be given definite values in order to specify a unique condition of flow are:
the total pressures and enthalpies of the exhausting reservoirs, the ratio
of the throat areas of the two injectlon nozzles and the back pressure iato
which the mixing tube exhausts. Making use of these the problem may be
uniquely specified in terms of four non-dimensional parameters:-

Primary total pressure/secondany total pressure,

x
Primary total enthalpy/secondary total enthalpy, h
Primery injection area/area of mixing tube, z
The back pressure/secondary total pressure, P.B/Pt2

These four parameters will hereafter be referred to as the control
persmeters, Their theoretical possible ranges and the ranges within which
their effects are investigated are given in the table below,

Parameter Theoretical range Range investigated
s 1 to infinity 1.4 to 6.0
z 0 to 1.0 0.01 to 0.9
h 0 to infinity 1,0 to 5.0

Given the values of these paramsiers the equations describing the flow
should become soluble, These equations will now be derived,

In the first region the two streams flow isentropically from their
respective reservoirs to the entrance of the mixing tube, These flows are
governed by the static pressure at this plane, which, it was mentioned above,
may or may not be equal, Using the notation defined above and referring to
Fig, 2, the equation for the case of equal pressures may be written,

Py = Py
or "aPg T YeFeo
where wij = pij/Ptij for the ith stream and jth plane.
This may be written,
= . w11 = w21. ...(1)

In the cases where the pressures are unequal, the primary stream is
choked and its static pressure at plane 1 is assumed to be critical, Hence

Gy = @y ) YY) .. (1)

vhere y is the ratio of the specific heats Cp/Cv,
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Since the flows are isentropic in this region their equations of
motion waybe written,

Pﬂo = Pt11 .00(2)
and Froo = Feoy ++(3)

The flows are thus described either by Eaqns. (1), (2) and (3) or by
Eqns. (1a), (2) and (3). The problem is at this stage indeterminate, for the
solution is also dependent upon the conditions downstream, and it is these
conditions that will determine the value of the pressure at the entrance to

the mixing tube, that is Woye Since it has not been found possible to obtain
an expression for %21 in terms of the downstream conditions, values are to be
essumed for %21 and the downstream conditions to be determined for these

values,

In cases where the primary stream is choked at plane 1 and the static
pressures are not equal, an expression which relates the states of the two
streams at plane 2 may b» derived, Consider the flow in region 2, The
secondary stream is subsonic at plane 4 and remains so during the expansion,
Hence it will be considered to behave isentropically and obey the well known
area-pressure relation,

A 4 -5ty = Diyyz

o ((y - 1)/2)%(2/(y + 1))

Using this relation and introducing the mass flow density funciion
y,J in place of the expression

A

« (y -z i/
(1— ijy y) .Wij Y

the equation describing the isentropic contrection of the secondary stream
becomes

1 - 32! ¥
= —31- . ooo(li')

1 -2 y22

For the irreversible expansion of the primary, continuity states that

AqPypq Va1 = Ao Py Vyo ... (5)

which mey be combined with the enerygy equation




H11 = H12 000(6)

and rewritten in the form
LA = t
2Puyq Tyy = 2 PypTyp e . (60)

For the static pressures to be equal at plane 2,

Pyg = Py - (7)
or Pao Mo = Proo Wy o eeo(72)

Since the two streams are contained in a parallel sided duct, the
momentum exchange between them must be equal and opposite, and hence the
momentum fluxes across planes 1 #nd 2 must also be equal,

2 2\ 2 2
A4 <P11+P11”11> * Ay <p21+921"21 ] = *e <p1 212" 2) * Aa0 <p22+p 22'22 > ‘
o 0(8)

Using the substitution fy, = ¥, (1 + 2y (ﬁij“ "IN DNy - 1)) gor

the momentum flow function, and the others mentioned sbove, this equation may bte
written,

- o\ = 1 £ - ot .
2Py By + (1= 2} Py Ty 2' Pyo fyp + (1 -2') Py Ty
...(82)
Since the secondary is isentropic Pt21 = Pt22 = Ptz say. Farther, from
Eqn' (6)’
zy .
_ i1
PMZ _-z' Pﬁ1' ..JGM
Yi2

Substituting this into Eqn, (8a),

- - gt

and into Eqn. (72),

: = Wy . oo (70)

Now/
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Now from Eqn. (4),

2' = - (1 - 2) ¥/, . veo(a)

Substituting into Equn. (8b) for a',

74 2% Z % 'y £

. f,, + £, = v, 22 4 Yo 22 oe.(8c)
11 24 11 21

! 1 -3 1 -z yaz y22

and into (7b),

2RV T2 T y12“”22(1 - (- ”)ym/y22>' «ee(70)

-

Eqns, (7c) end (8c) are twe squations relating the variables %21,
%12 and %22 or functions thereof. Eliminating w
relation connecting

o there emerges &a
ﬁaz op» in fact connecting the states of the two

streams at the plane of equal pressures,

and W

In both cases, when the primery is choked and when it is not, from
consideration of the upstream conditions alone the sclution is indeterminate at
plane 2, For z given set of stagnation conditions and a given geametry there
will then exist a definite relation between the states of the two streams at
plane 2, There will thus be a series of solutions c¢orresponding to different
downstream conditions, So by agssuming values for ﬁ21 at the start of the

ectual mixing it should be possible to find the corresponding values of back

pressure at the end of mixing, For a fixed value of %21 the state of the

secondary stream in region 1 is fixed and the state of the primary stream at

the equivalent value of &11 may be determined, If this state is found to be

subsonic it is adopted and both stream- enter the mixing tube subsonically and
at the same static pressure., Thus the expansion of region 2 does not exist
and planes 1 and 2 of Fig, 2b are coincident giving the situation depicted in
Fig, 2a, If, on the other hand, it is found that the primary stream would be

supersonic at the equivelent value of %11, it is assumed that it has became

choked and is in the sonic state at plene 1, Thereafter the static pressures
are equalised by the expansion process of region 2, Having assumed a value

for %21 the values of W,, and W,, may be found from Eqns. (7¢) and (8c),

Hence the states of the two streams at plane 2, The degree of irreversibility
) in the primary expansion may be determined by finding the loss in total presaure,
X which in turn may be found from Ean. (6b),

Par ~ Pwe P
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After plane 2 the streams are ellowed to mix, The static pressure
is assumed to be uniform across both the plane at the end of the mixing tube,
plane 3, and the plane at the start of the mixing process, plane 2, Since the
mixing takes place in & parellel sided duct, all that is necgssary in a ons-
dimensional treatment is to satisfy the conditions of conservation of, mass,
momentum and energy between these planes assuming that they are far enocugh apart
for the properties of the mixed stream to have became uniform across the cross- -
section, These conditions give rise to the following equations:-

Continmiity,
A12 P12v12 + A22 Poo v.22 = A; P3 v3 o..(9)
Energy,
Yo P Vo tp + Apy pop Vop Hpy = Ay pg vy Hy ...(10)
Momentum,

S 2 2\ _ 2
A12(P12 " P2 "12) * “‘22(1’22"922 "22> = A <pe+93 "3) ees(11)

Using the substitutions for Gij’ ¥ and fij given above together with the
J
following substitutfions

h, = H}/H21,7t' = Pt21/P

"o _ P "o A,
3 M = ~t3/r>,62 and z" = |2/A22

2’

Eans, (9), (10) and (11) may be written:-

1 -1
Yoy * 2" ! Yio h"2 = (1 +2z") a" Y33 h3 2 eeo(92)
1 1
y22 P y12 w2 - (1 + zn) " y33 h32 “.(103)
fop * z" ! £i5 = (1 + 2") x" f33 . R CETY

Given that all the quantities on the left-hand sides of these equations
are known, there are three equetionsand threeunknowns. The unknowns are =",
h3 and sz, the quantities y53 and f‘.‘&3 being simple functions of w33.

Eliminating =" and h3

a relation which gives a quedratic solution for the state of the mixed stream.
In general one root yields & supersonic solution and the other a subsonic solution,
Once values for w have been found the other properties of the mixed stream

33
mey be determined by substitution back into Eqns., (92) to (11a).

between the Eqns. (Ja), (10a) and (11a), there emerges

2 4o (h% h-%) v 2" 2 2
(y../0.)2 = Y22 * Va2 Y12 Y12 (12)
33/ 33 B (f +"" 7" f )2 . L ]
22 7 ¢ 12
Considering/
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Considering the flow as a whole we now have a set cf equetions that
will, for given geometry and stegnation conditions, supply a series of quadratic
solutions for the state of the mixed flow corresponding to a set of assumed
values of the secondary injection pressure Poy e

2.7 Method of analysis

Due to the complexity of the above system of equations it was not found
possible to obtain an explicit algebraic solution to them. Thereforc a2 numerical
method was used to make a asurvey of the effects of the control variables on the
solution, This method, developed for use with a high speed digital computer,
will now be described.

For a given set of control veriables it was shown above that it is
possible to find the stetes of the mixed stream corresponding to assumed velues
of the secondary injection pressure, To obtain this series of solutions the
following process is carried out,

A high value for the secondary injection pressure is selected, usually
just below the secondary total pressure. This gives a small mass flow in the
secondary stream, It is then checked whether or not the primary stream is
choked at this pressure, If it is, the procedure ocutlined in the next paragraph
is carried out straight away. If, on the other hand, it is not, the following
procedure is adopted, The twc injection pressures are assumed to be equal and
the chosen pressure Poy s is used to define the states of boih streams at plane 1.

This is the subsonic regime depicted in Fig, 2a, where both streams enter the
mixing tube subsonically, The quadratic for the state of the mixed stream is

then solved yielding two solutions, a subsonic one and another one which is,

in genersl, supersonic, In the general solution the Mach number of the supersonic
solution increases as the vslue of the secondary injection pressure is raised,

In certain cases the supersonic solution possesses a singular point over which

the Mach number passes from plus infinity to minus infinity as Poy is increased,

The supersonic solution is assumed not to exist for solutions with values of
secondary injection pressure above that at which the singulerity occurs, For
those solutions that do exist, the following propertles of the mixed flow were
computed;

the Mach number,
the total pressure,
the total enthalpy,
the mass flow ratio, secondary/brimary,
the static pressure,
and the critical area retio.

The above process is repeated for decreasing values of Poy s the

secondary injection pressure, until the primary stream becomes choked in plane 1.
At this stage the static pressures of the two streams are no longer equal on
injection and the primary stream is made to expand as shown in Fig, 2b. This
process is described by Eqns. (7c) and (8c) sbove. Using the current value

of Poy s and hence of §21, these equations are solved by an iterative process

to find the states of the twc streams at the end of the expansion, This consists
of choosing successive values for Woo in such a way that the two values of ¥y o)

found from 2qns, (7¢) and (8¢c), tend to converge and coincide., When they are
sufficiently close to coinciding the process is stopped and the current values of
w and w used to define the states of the streams at plane.2, The mixing

qgadratic, %gn. (12), is then solved as before, The process is then repeated for
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increasingly smaller values of the secondary injection pressure Poy e Because

the primary streem is choked at plane 1, its mass flow is now fixed and the
reduction of Poy only affects the secondary mass flow. As the chosen vnlues

of Poy fall the two solutions of the mixing quadratic gradually converge towards

the sonic condition, Within the range of solutions investigated, it is found
that there are two mechanisms that prevent the secondary injection pressure
falling indefinitely and that limit the mass flow that cen be passed through
the system. PFirstly, the two roots of the guadratic mey coincide or become
imaginary, in shich case it is assumed that the mixed flow has tecame chcked
at the exit of the mixing duct. Alternatively, the two values of ;12 in the

iterative procedure for the primary expansion may be found to converge and then
diverge, without ever becoming equal, In such cases the two streams could never
reach a state of equal pressures and it is assumed that such a situation would
be prevented from taking place by the two stream choking effect occurring when

the two 7alues of 312 are only just able to coincigde, These phenomena are

discussed further below. When either of these limiting effects occur, the
process of taking successively lower values of Poy is stopped, and the solution

for that particuler set of control variables considered complete,

3. Solutions Okhtained Using the Theory Presented

3.4 A full examination of a few typical solutions

To illustrate the forms that the general solution may take in the various
flow regimes, some specific examples exhibiting each cof the choking effects will
be discussed, The solutions chosen for this purpose are those ccrresponding to
the following set of control verisbles:~

Injection nozzle area ratio A.1/A3 orz = 0.5
Total pressure ratio o= 1.7
Total enthalpy ratio h = 1,0, 1.5, 2.0, 3.0, 4,0,

The solutions are presented in terms of the static pressure after mixing,
P3» hereafter called the exhaust pressure and the secondary injection pressure, Py e

For the purposes of plotting these splutions in a non-dimensional form all the
pressures are ncrmalised with respect to the secondery tctal pressure., As may
be seen on inspecting Fig., 6, each solution corrcsponding to a fixed set of
parameters is double valued with respect to the injection pressure, Poy e The

upper branches are subsonic solutions and the lower ones are supersonic solutions,
The minime in Poy represent the choked solutions and they ere also those of

maximum mass flow, The overall mass flow is & single valued function of Poy

and increases with decreasing values- of that pressure, This may be seen on
looking at the curve for m, the mass flow ratio, secondary over primary, versus

Poy in Pig, 7. Also shown in Fig, 7 are the curves for the total pressure ratio
y -1
Ptj/Pt1’ the energy ratio efter mixing, K < = 2 >, and the critical area
2

ratio, A%/AB, for the case when the total enthalpy ratio, h, is 2,0,

Conside:/

v

L 12)




e AR

-l -

Consider the flows given by the solutions shown in Fig, 6, To
illustrate the various flow regimes we will now consider the effect of the back
pressure on the systems represented, When the back pressure is high it is
matched by the exhaust pressure and %i.e mixed flow is well subsonic, Both
flows are also injected into the mixing tube at subsonic speeds, This is the
subsonic regime end all such soluticns are dependent on the downstream
conditions, Referring to Fig. 6, and selecting a typicsl value for Pz; of,

say, 1.15 Ptz’ it will be seen that, at this stage, all the solutions shown

are in the subsonic regime, The boundary between the subsonic and mixed regimes
takes the form of a line, Poy = constant, since the pressure at which the

primary stream chokes is Cependent only on the total pressure ratio =#, 1In
the case under consideration, the relevant value of p,, 1s 0.898 Pioe As

‘the back pressure is lowered, and the exhaust pressure with it, all the solutions
enter the mixed regime, those of lower total enthalpy leading, While the
solutions are in the subsonic regime both the primary and the secondery mass
flows increase as Poy and p3 decreases; but in the mixed regime only the

secondary mass flow is affected., The solutiorns in which Py = Pt2 zepresent

the special cases for which the secondary reservoir and the exhaust reservoir
may be one and the same, In the mixed regime the primary enters the mixing
duct in an underexpended state. As the exhaust pressure, Py is lowered and

the solution points move to the left down the curves in Fig, 6, the pressuve
difference between the streams on injection gets larger, and the solution for
the mixed stream tends towards the sonic stats.

Considering in particular the solution for h = 3,0 and 4,0 in Fig.6,
as the exhaust pressure falls below e value of about 0,7 Pt2 the mixed stream

becomes sonic and the syrtem chokes at the exit of the mixing tube, It is
thought that, by itself, further lowering of the back pressure will have no
effect on the solutions and that the exhaust pressure will remain at the sonic
value, Solutions of this type are said to be in the supersonic regime., It
should be noted that these choked values are also those of maximum total mess
flow and minimum mixed stream total pressure.

As the back pressure is lowered in the solutions for which h = 1.0,
1.5 and 2,0, the flows experience the two stream choking effect before the mixed
flow becomes sonic, On the graphs this effect is shown by the truncation of
the parabolic type curves before their natural minime are reached. The limiting
flows in these cases are maximum mass flows with respect to the primary expansion
as opposed to the mixing process. The two stream choking effect takes place
et the plane of equal static pressures at the end of the primary expansion,
It has been shown (see Ref, 3) that the plane wave velocity is stationary in
both streams at this plane for the condition of maximum mass flow. When the
back pressure falls below the point where this choking takes place, it only
effects the flow downstream of the choked plane., The solution for the mixed
stream in this case is double valued; one solution being subsonic and the other
supersonic, Now, mathematically, the subsonic solution is equivalent to the
supersonic one with a normal shock at the end of the mixing duct, This suggests
that, for the values of the back pressure less than the subsonic limit of the
exhaust pressure, P3» the supersonic choked solution is adopted together with an

oblique shock system at the duct exit to match p3 and Pb' As the back

pressure falls the shock system would get weaker and would vanish as the
supersonic value of p3 is approached, Beyond this point the flow would

certainly not be affected and could truly be seid to be in the suparsonic regime.
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As nmey be seen from the results presented, all the subsonic soclutions and the
supersonic ones asacciasted with the two stream choking effect result in mixed
stream total pressures in between those of the primary and secondary streams.
They also obey the second law of thermodynamics in that they produce enthropy.

3.2 Existence of the supersonic solutions

Now it has been shown that, for each subsonic solution, there exists,
mathematicaliy if not in reality, an alternsative solution of identical mass flow,
The flows corresponding to both solutions differ only in the action of the nmixing
process and thus in the state of the mixed stream. In most cases the
alternative solution is a supersonic one, but in some cases with high values
of the secondary injection pressure and low values of the retio, =z, the
alternative suvlutions pass through a singuler point where the Mech number of
the mixed flow becomes infinite., Points on the other side of this singulerity,
that is with even larger velues of Poys produce alternative solutions with

negative YMach numbers, ‘These solutions are assumed to have no meaning.

Looking at the supersonic solutions, theoretically, as the exhaust
pressure, p3, falls from its value at the choked condition, the solutions for

the mixed flow tend to became more supersonic and the corresponding values of
the secondary injection pressure start to rise This indicates that both the
total mass flow and the pressure difference between the two sitreams on injection
will fall., On looking at Fig, 6 it will be seen that the solutions will pass
out of the mixed regime into the subsonic regime if Pz is allowed to fail far

enough, Two other special points occur in the gemeral solutions as the exhaust
pressure falls, Firstly there comes a point beyond which the total pressure of
the mixed stream becomes larger than that of either of the component streams.
This point we shall call the point of total pressure gain, The other point is
one beyond which the solution no longer obeys the second law of thermodynamics
in that it starts to lose entropy, This will be known as the isentropic point,
The total pressure gain points and the isentropic points are marked by triangles
and circles respectively on the graphs presented in this paper, The order in
which these points and the return of the solution into the subsonic regime

occur varies from solution to solution, This is well illustrated in Fig. 6.

"Can any of these supersonic solutions be made to occur physicelly?"
is the question that must now be asked, In dealing with the subsonic solution
it was natural to assume that they would respond in such a way as to match any
changes in the back pressure. But, as in the case of the ordinary convergent
nozzle, it would elso seem natural to assume that further lowering of the back
pressure after the system hud already choked would nct have any effect, and that

the system would remain ir the condition of maximum mass flow even when exhausting

into vacuum, This would elmost certainly be so for those solutions thal choke
at the end of the mixing process. The case is not quite so clear for those
solutions that choke due to the two stream choking effect, but it is assumed that
when the back pressure falls below the value of P3s corresponding to the

supersonic version of the choked solution, it will no longer influence the
solution,

The conclusion drawn from the above discussion is that the system in
the cimple form of a constant ares mixing duct exhausting siraight into a low
back pressure or vacuum will never produce a solution in which the state of the
mixed flow is more supersonic than that of the maximum flow solution, This
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does not, however, exclude the possibility of obtaining such a solution by
making some modification to the system. It might be an interesting

experiment to try restricting the total mass flow by narrowing down the exit

of the mixing chamber when the ejector is in the choked condition and exhausting
into a very low back pressure. The system will then choke at the throet of
this variable exit nozzle as shown in Fig. 3., On loocking at Fig. 7 where &
solution is plotted in terms of the critisal area ratio A%/AB, after mixing

it wili be seen that for a fixed reduction in exiti area, that is a fixed value
of A’;/AB, the two alternative solutions have diffeering values of Poye Thus,
they have different rates of mass flow and it will also be noted that it is
always the superscnic solution that has the greater mass flow,

However, it is not thought that this process is likely to produce a
supersonic solution, for not only would it involve supersonic diffusion but
it also requires the exlistence of a sieady supersonic flow not preceded by a
choked flcw, To obtain supersonic flow in a mixing region it would be necessary
to choke the flow upstream of that section. In none of the non-maximum flow
solutions does any mechanism occur whereby such choking could take place.

3.3 General survey of the solution for sonic injection

The numerical investigation of the effects of the control variables
on the solution is carried out for the mixing of two streams of the same prefect
gas, The specific heats of this gas are taken to be constant and their ratio
to be 1.4, the same as that for air, One of the main objects of the
investigation is to determine the effects of varying each of the control
parameters on the way in which the flow chokes, The survey is split into
two principal parts. The first consists of obtaining complete solutions for
flows with fixed upstream stagnation conditions snd fixed geometry, In these
solutions the effect of the back pressure is included. The second part is a
survey of the maximum flow solutions; that is those in the supersonic regime,
where the back pressure has no effect.,

3.3.1 The survey of full solutions

In the survey of full solutions, solutions are evaluated over a four-
dimensional field, The total pressure ratio, the total enthalpy ratio and the
geometric ratio form three of these dimensions, The full solutions are
obtained keeping these three fixed and allowing the fourth dimension, the back
pressure, to vary. The ranges within which the varisus parameters are allowed
to vary are as follows:-

z, the geometric ratio, from 0,2 to 0,8
%, the total pressure ratio, from 1,7 to 2,0
h, the total enthalpy ratio, from 1,0 to 4.0

As explained above, it is not possible to select values for the back
pressure directly, so values of the secondary injection pressure, Py s 8TE

selected instead, The procedure of obtaining a full solution is started by
taking a value of Poy just below the secondary total pressure. The problem

is then solved for this and successively lower values of Poy until the supersonic

regime is reached.

The ranges of 2z and h over which solutions are cbtained are
reasonably comprehensive, But, for the total pressure ratio, m, a fairly
narrow band was chosen, so that it covered the critical value, 1.89 in the case
where y = 1.4,
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The results were plotted on the P3 =~ Poy field, The choice of Py o

was made because it gave a good illustration of the possible effects of the
fourth control verisble, the back pressure, and that of Poy because it gave !

a clear view of the double valued nature of the sclution, On each solution
the points at which the following effects occurred were marked:~

the choking of the primary stream at the entrance to the

mixing tube,

the chcking of the whole flow due to the two stream
choking effect,

the solution becoming isentropic (mﬁrked by a circle),

the total pressure of the primary and mixed streams
becoming equal (marked by a trisngle),

the flows becaming choked after mixing.

The results were plotted in groups of constant area ratio, 2z, with each greph
representing the solutions for a particular value of 2z and two values of h.

It was not found practicable to plot the solutions for all values of h on one -
grarh because cof the overlapping that occurred at high values of Ppye

The results of this survey may be seen plottzd on Figs, 8 to 21, The
basic solution for fixed values of 2z, h and =* consists of a parabolic type
curve with & minimum value for Pyy e Each point on the upper branch of the

curve is a subsonic solution corresponding to & specific value of back pressure,
In same solutions the parsbolic curve is truncated before the minimum in Poy

is reeched. In these cases the flow chokes due to the two stream effect, The
effect of increasing the total pressure ratio =« is to move the whole of the
basic curve up to a higher value of p‘3 and in some cases slightly to the right,

without chenging its shape. This increases the minimum value of Poy in those
cases that choke at the end of mixing, The valune of Poy at which the two

stream choking effect occurs rises fairly rapidly with =%, and so a relatively
greater portion of the basic curve is truncated with each increment in =, The
point at which the primery stream becomes choked moves even faster to the right
as * increases, in fact, for the values of = above the critical value, the
primary sitream is choked for all values of Poy less than Pt2' So the

primary stream choking pcints may only be marked for suberitical values of =,
These two choking effects are independent of the teotal enthalpy ratio as they
both occur before the mixing process starts,

The general effects of the total enthalpy ratio on the solution may
best be seen by looking at Fig, 6, where the solutions for z = 0.5 and
X = 1.7 are plotted for the various values of h, The two stream choking
effect and the choking of the primary stream are independent of h, and are
represented by Jjust two lines, The total enthalpy ratio affects the shapes
of the basic solution curves but preserves their parabolic form, For high
values of h the basic curve is a shallow one and has & high minimum value
for oy As h falls the basic curves elongate in the negative Poy

direction and lie completely outside curves for higher enthalpy ratios., Thus
the value of Poy at which the mixed s‘%ream chokes falls with h until it

reaches the two stream choking limit, Further reduction in the total enthalpy
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ratio causes the two values of P3 at vhich the two stream choking ocours to

diverge, splitting the sclution into two distinct parts, one totslly subsonic
and the other totally supersonic, The two halvas lie ahove and below the
solutions for higher values of h respectively,

Increasing the value of 2, that is increasing the primary injection
area, has two mein effects, It moves the basic curves up and to the right,
thet is, to higher values of both p3 and Poys and it also ‘inoreases the value

of Poy at which the two stream choking effect occurs, thus dscreasing the
poasible range of Poye Inoreasing z also increases the damain of the two

stream choking effect in the x - h field, Hence sane sclutions, for certain
values of ® and h, that choke at the end of mixing for low values of 1z,
will, for the same values of X and h but higher values of 2z, choke dua

to the two stream effect, These effects are largely due to the relative
reduction in the areaz available for the primary expansion, The spread in the
basic curves for differsnt total pressure ratios is more pronounced at high
values of z,

3.3.2 The survey of chcksd solutions

The second part of this investigation consists of a survey of the
solutions in the supersonic regime, Now these solutions are sll independent
of the back pressure and thus the total field of possible solutions may be
represented by a three dimensional field formed by the remairing control
variables, The reduction in the number of control variables allows the problem
to be solved over a wider range of conditions, The ranges within which solutions
were found are as follows:-

z, the geametric ratio, from 0.01 to 0.9
%, the total pressure ratio, from 1,4 to 6,0
h, the total enthalpy ratio, froam 1.0 to 5.0

As mentioned above, there are two types of solutions in the supersonic regime;
those that choke after mixing and those that choke before, The boundary between
these two types is the locus of solutions which choke simultainzously in both
modes, This locus forms a surface in the 2z, %, h field which is depicted as
lines of constant 2z in the =« - h field in Fig, 22, It may be seen that

the surface tends towards being plsne when it coincides with the line

® = h = 1, In the domein bounded by the surface and the plane h = 1

the solutions choke due to the two stream effect, and, in the domain between the
surface and the plane = - 1 they choke at the end of mixing,

When the solutions are considered in terms of the state of the mixed
stream, those that choke after mixing are single vslued, and those that choke
before are double valued, The state of the mixed stream may be represented by
the exhaust pressure Pye Looking at the solutions for a fixed geometry, they

may be represented by surfaces in the =%, h, Py field, In fact the complete

solution for a fixed geometry consists of two intersecting surfaces, ons
corresponding to each of the choking modes, The surface representing the two
stream choking solution is of a parabolic type, doubls valued in p3. The

solutions are shown in Figs, 23 to 28 as lines of constant total pressure ratio,
®, forming the surfaces in the =, h, Py field, The intersection of the two

surfaces may be obtained by tracing the locii of the triple points, It will
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be noticed that this line always intersects the h = 1 glane at the point
x = 1, Py = 0.5283 Pt2 (criticel value for y = 4.4) as could have been

forscast from locking at Fig, 22, The solutiox:c that choke after mixing
appear to be affected only slightly by the value of h, whatever the values of
z and =%,

It is elsc of interest to lock at the intersection of these soluticn
surfaces with the plane h = 1, These solutions, where both streams have
the same total enthalpy, are depicted in Fig, 27. Ar expected, all of these
are double valued in P, &3 they all choke due to the two stream effect,

It will be noticed that”the solutions for large primary injection areas (high
values of 3z) are limited in the size of the total pressure ratio allowed.
This is because these solutions are in the base pressure regime and the
secondary mass flow is reduced to zero, The value of = at which this takes
place is determined by the simple and rather crude process of equating the
pressure, which the primary stream would attein if it expended isentropically
to fill the whole mixing duct to the total pressure of the secondary, This can
only be said to give a very approximate result as solutions in the base
pressure regime are highly affected by the viscous interaction between the
streams, To cbtain a better result, one would have to resort to a two-
dimensional msthod such as that of Chow and Addi, Ref, 2,

4, Extension of the Theory for the Case of Supersonic Injection

The theory developed above may be extended to cover certain flow regimes
for supersonic injection, The set up referred to as a supersonic ejector in
this paper is illustrated in Fig, 4a., It consists of two nozzles discharging
into a constant area mixing duct, One of the nozzles is purely convergent
and the other is convergent-divergent., The latter is referred to as the primary
injection nozzle and the stream that passes through it is called the primary
stream, To give an idea of the physical context into which any theory on
supersoniec injection must fit a brief description of the various flow regimes
that ere found to exist will be given,

Firstly there is the subsonic regime in which both streams are subsonic
throughout the apperetus, The injection pressures are equal, the two stagnation
pressures and the back pressure are of the same order, and the whole flow is
dependent on the back pressure against which the system exhausts,

Next there are the mixed regimes., In these regimes the primary stream
is choked at the throat of the primary injection nozzle, but the mixed stream
is subsonic and its mass flow is therefore dependent on the back pressure. The
mixed regime may be sub-divided according to the behaviour of the stream on
entry into the duct, If the primary is overexpanded on entry to the duct, that
is the primary injection pressure is less than the secondary injection pressure,
as in Fig, 4b, then the flow is said to be in the mixed supersaturated regime,

On the other hand, when the secondary injection pressure is less than the
primary end the primary enters the duct in an underexpanded state the flow is
in the mixed supersonic regime as in Fig, 4d., The condition between the two,
when the injection pressures are equal is knowm as the saturated condition and
is shown in Fig, 4c. In all the mixed regimes the total mass flows are always
back pressure dependent,

There occurs, for any given ejection configuration, a certain limit
in the back pressure below which the whole flow becomes independent of the back
pressure, The regimes of the solution in which this occurs are termed the
supersonic reg;imes and they are further sub-divided into regimes depending
on the mechanism whereby they choke., It is possible if the enthalpy ratio
between the two streams is very large for the mixed flow to become sonic and
choked at the end of the mixing tube.
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It is not proposed to deal with these cases in detail, in fact it
will be assumed for the purposes of the following discussion that the total
enthalpy ratios are small enough to avoid this mode of choking. The choking
will therefore teke place somewhere near the inJection plane with the actual
mechanism depending upon the reaction between the two injected streams,

It is assumed that in general the choking reaction occurs before the flows have
had time to mix appreciably, The sub-division of the supersonic regimes is

the same as that for the mixed, When the primary is overexpanded and the
secondery flow is choked the flow is said to be in the supersonic supersaturated
regime (Fig. 4#)., When the primary is underexpanded the regime retsins the
name supersonic regime (Fig. Lh), Again there is a condition bstween the

two in which ‘“he injection pressures are equal and this is termed the saturated
supersonic regime (Fig. 4b).

It is in their treatment of the supersonic regime that the varimus
theories on supersonic ejection differ, It is commonly agreed that the
secondary stream chokes by reaching sonic velocity at the throat of its
injection nozzle in the saturated and supersaturated regimes. However, for
the supersonic regimes where the primary stream expands on entry to the mixing
tube, the secondary contracts on entry and therefore cannot reach sonic velocity
at the throat of its injection nozzle, The choking therefore must occur in
the mixing tube, There are two main models used to explain the mechanism of
this choking, One assumes that the primary stream gees on expanding until
the secondary stream reaches sonic velocity thus choking itself, The other
assumes that the secondary stream chokes due to the two stream choking sffect
before it reaches the sonic velocity, Using either of these modals of choking,
there are a number of assumptions or methods of analysis which may be used to
describe the exact mechanism of the choking process, For instance, the streams
mey be treated isentropically, or be assumed to behave polytropically, and either
a one~dimensional or two-dimensiocnal method of enalysis may be used, To
illustrate same of the combinations already used for supersonic injection a
few examples are given,

Fahri1, treating both streams one-dimensionally and isentropically,
assumed that the secondary stream choked by reaching sonic velocity. He
equated the momentum exchange between the streams but not the pressures at the
end of the expansion, Messrs. Chow and Addi2 again treated both streams
isentropically and assumed that choking took place at sonic velocity, but they
treated the primary stream two-dimensionally by the method of characteristics.,
They also include the effect of mixing between the streams before choking,
Messrs, Hoge and Segars4, on the other hand, suggest that the .two stream choking
effect might produce a more accurate description, though they compare its
results with those assuming complete mixing and therefore are presumably talking
of reasonably short ejectors, They do not seem to suggest that two streem
choking is a competitor, in the strict sense of this discussion, %to the sonic
choking of the secondary stream in e jectors where mixing is assumed to be
complete,

It is the purpose of this section to show that the two stream choking
concept may well provide a better description of the flow in certain rugimes,
As a preliminary to the detailed discussion of the supersonic regime a
description of the performance of a typical supersonic ejector is presented,
The assumptions made are the same as those made earlier in the case aof sonic
injection,

Consider a supersonic ejector system with fixed geametry such as that
shown in Fig, 4a, If the stagnation conditions are kept constant upsiream,
the performance of the ejector will be a single valued function of the back
pressure into which the ejector exhausts, Let us consider, thsn, the performance
of the ejector as the back pressure is lowered from a reasonably high value,
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At back pressures somewhat greater than the secondary total pressure,
the ejector will operate in the subsonic regime provided that the total
prussure ratio between the two injected streams is not too great., Here
the flow is subscnic throughout and the injection pressure of the two streams
are equal, If the total pressure ratio, =x, is at all high the flow may
never be subsonic throughout and still maintain & positive sscondary mass flow,
That is the mixed regime and the base pressure regime overlap to the exclusion
of the subsonic regime. Thus, in general, at the highest back pressures to
give positive secondary flows, ejectors will cperate in either the mixed or
subsonic regimes depending mainly upon the value of the total pressure ratio
.

For flows in the subsonic regime, upon lowering the back pressure
from this maximum value, the mass flow of both streams will increase until the
primary injection nozzle chokes and the flow enters the mixed regime, Further
lowering of the back pressure results in the formation of a normal shock within
the primary injection nozzle as in the case of the ordinary Leval nozzle, This
shock moves down stream from the throat as the back pressure falls, its exact
location being determined by the equality of the injection pressures, Meanwhile
the lowering of the injection pressures continually increases the secondary
mess flow., Eventually this normal shock will reach the injection plane and
will become’ oblique, the injection pressures will no longer be equal and the
primery stream will contract upon injection as shown in Fig, 4b, The mixed
regime flows mentioned so far are all classified in the supersaturated mixed
regime,

Now, at any time during the process Jjust described, the secondary
stream will become choked if its injection prassure falls to the critical value,
This is most likely to occur for sysiems with low values of the total pressure
ratio ®, When the secondary stream chokes in this case and the primary stream
is still underexpanded the flow is said to enter the supersaturated supersonic
regime ag shown in Fig, Le,

Considering, however, those cases for which the secondary injection
pressure is still above the critical value, the oblique shock gets weaker as the
back pressure and injection pressures fall, During this process in which the
normal shock becomes an oblique shock and grows gradually weaker, the difference
between the injection pressures and the degree of the primery coniraction rise
to a maximum and then fall back to zero as the weak shock vanishes, This last
condition, where the primary stream is neither over nor under-expanded, is
known as the saturated condition and it represents the boundary between the
supersaturated mixed regime and the supersonic mixed regime, For certain
solutions it happens that the secondary injection pressure becomes critical
simultaneously with the vanishing of the oblique shock, in which case the flow
is said to choke in the saturated supersonic regime., This case is depicted in
Fig., 4f.

Considering those cases f'or which the secondary stream is still unchoked

in the saturated condition, further lowering of the back pressure wiil reduce
the secondary injection pressure but not that of the primary, Thus the primary
stream will be injected in an underexpanded state, The streams will then

react so as to reduce this pressure difference; that is the primary expands and
the secondary contracts as shown in Fig, 4d, This region of the solution is
called the supersonic mixed regime. As the back pressure falls flows in this
regime choke due to some reactive process between the two streams. Here we

shall assume that this nrocess is the two stream cuoking effect and that it occurs

at the end of the primary expansion., This event is depicted in Fig. 4h.
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At this stage in a superficial investigation it might be eonsidered
that all the possible configurations of the flows had been discussed. On
closer investigation, however, thers appear some flows in the regime of the
solution between the supersaturated supersonic regime and the supersonic regime
which, when two stream choking is assumed, are in need of some explanation,

It may be instructive to look at these solutions in the following way.
Consider, as above, a supersonic ejector of fixed geometry exhausting straight
into a vacuum and thus operating entirely in the supersonic regime, Now
consider the effect of varying the tolal pressure ratio, x. For extremely
high values of & the ejector will be operating in the base pressure regims;
that is there will be no secondary flow, For slightly lower values, the flow
will be in the supersonic regime and the flow will choke due to the two streanm
effect, As the total pressure ratic is lowered the degree of primary expansion
will decrease and the plane of two stream chcking will approach the injection
plane., When the expansion vanishes, the two streams will be injected at equal
pressures and the choking effect will tske place immediately., In this case the
secondary injection pressure is well above the critical value. Now, if we are
altering tiie value of =« by altering the primary total pressure and keeping that
of the secondary constant, we may identify a particular value of the primary
total pressure, say P%, with the vanishing of the primary expansion,

Now, if the problem is also tackled from the other and, that is
starting with low values of =% and then increasing them, it may be seen that
the primary will start by being highly overexpended, and the secondary, being
choked at the injection plane, will expand considerably on entering the duct.

As the value of ® 1is increased or as the primery total pressure is increased,
the primary injection pressure will also increase, eventvally rising to the same
level as the secondary injecticn pressure, which in this case is the critical
pressure since the secondary stream is injected sonically, Agein we may
associate a particular value of primery total pressure with the squality of

the injection pressures. This value, Pg, is different to Pé, mentioned

above, and the common value of the injection pressures is also different co that
associated with PL. In the first case the secondary injection pressure is that

associated with two stream choking and is therefore subsonic, but in the second
case it corresponds to the critical or sonic value, There thus emerges a region
within the supersonic regime bounded by the two values of the primary total
pressures P% and P; at which the injection pressures become equal, This

region we shall refer to as the saturated supersonic regime.

The area of the solution involved is shown in Fig, 30, where the values
of the total pressure ratio #® corresponding to PL and P% are plotted against

the primary injection Mach number and the geometric parameter z. z in this
case is the ratio of the area of the primary throat to that of the mixing tube,
Now the solutions for the sonic choking of the secondary injection nozzle are

independent of 2z, Hence the solutions corresponding to P% may be depicted

as a single curve in Fig, 30 (the curve nearest the M11 axis), The two stream

choking solutions, on the other hand, are functions of =z and are therefore
represented by a set of curves, forming a surface in the =, 3, M11 field,

The solutions for high values of 2z are shown to intersect with the base
pressure regime, ac the mass flow of the secondary stream tends to zero, Thus
it may be seen that solutions defined by points within the volume bounded by
the surfaces cof Fig, 30 will choke in the saturated supersonic regime, Those
contained between the plane ® = C and the surface corresponding to Pz

choke/
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choke in the supsrsaturated supersonic regime, Solutions corresponding to
the supersonic regime are contained in the volume bounded by the P% surface

and the base pressure surface,

Assuming the theories proposed above for the supersonic and
supersaturated supersonic regimes are applicable up to the bounderies corresponding
to P% and Pz respectively, there remains a need to produce a theory to cover
solutions in the saturatsd supersonic regime, between P% and P%. Two mrin
possibilities emerge that seem to merit discussion, firstly there could occur a
discontinuity in the secondery mass flow as the two stream choking process
vanishes, and both flows could accelerate until the secondary chokes at sonic
velocity, Or secondly both strsams could decelsrate, the primary via an
oblique shock, and the secondary would choke due to the two stream effect, Both
possibilities will now be discussed in full with reference te Fig. 5, where the
solutions they indicate are sketched., Fig. 5 consists of a plot of the
secondary injection Mach number plotted ageinst the ratio of the secondary
injection pressure Poy tc the primery total pressure Pt1’ The curve AB

represents the two stream choking solution for the supersonic regime, and the
point B, corresponding to the primary total pressure P%, is on the line of

equal injection pressures, The supersaturated supersonic regime is represented
by the line DF, D being the bsundary point with the saturated supersonic
regime,

Consider firstly the sonic choking theory., In this case, as the

primary total pressure decreeses past the value P% the two stream choking
process vanishes and the secondary mass flow is suddenly allowed to increase so
that the secondary i: jection pressure suddenly drops. This discontinuity
occurs at a particular value of total pressure ratio and ther=fore mey be
represented on Fig, 5 as a line of constant total pressure ratio, say BC.

The primary stream then expands until it chokes the secondary, It is this
choking process that now governs the secondary injection pressure, thus defining
the point C, As the totel pressure ratio is lowered the degree of primary
expansion decreases and when eventually it vanishes the secondary stream chokes
at the plane of injection, This solution is represented by the curve BCD

in Fig. 5.

Alternatively, there is the two stream choking theory. As the
primary total pressure falls below the value P%, this theory requires no

discontinuity in the secondary mass flow but it does require the primary stream

to contract when its injection pressure is higher than that of the secondary,

The most likely possibility is for the primary to pass through an oblique

shock system and this would allow the secondary stream room to expand subsonically
until the two stream choking effect occurs, This solution forms a natural
extension to the curve AB in Fig, 5 and extends up to meet the extension of

the 1ine FD at E where the secondary chokes in the plane of injection,

The solution follows the curve BE as the total pressure ratio decreases from

P%. The degree of the primary contraction and the strength of the oblique

shock increase until the point E 1is reached whersupon they both start to
subside again as the curve ED 1is traversed, At D the shock and contraction
have both vanished and the injection pressures ars again equal,

Two theories have been presented to cover the flow in the saturated
supersonic regime, VWhich, if either, will give an accurate description of the
flow within this region of the solution is not known at present, The few odd
experimental points that have been published f~r this regime seem to favour
the two stream choking explanation, but it is not really possible to come to
eny definite conclusions without carrying out specific experiments designed
especially for the purpose, 5./
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5. Conclusion

An attempt has been made to find an improved one-dimensicnal thsory
to predict the performance of constant area ejectors with convergent injection
nozzles, Theories for the operation of such ejectors in the subsonic, mixed
and supersonic regimes have been presented. They are all based on the
assumption that the flows may be divided up into specific regions in which
the processes of mixing and pressure adjustment may take place separately, The
theory covering the supersonic regime assumes that only two modes of choking
occur, one at the exit of the mixing duct and the other due to the interaction
of the two injected streams when injected at different static pressures, The
domains over whick each mode is active have been outlined., The two stream
choking effect is assumed to take place at the end of the primary expansion,

It may be possible, however, that such an effect tskes place during the mixing
precess, thus providing e gradual transition between the two extreme causes of
choking assumed in the theory above, The theory is not applicable to the base
pressure solutions; that is those with zero or near zero secondary mass flows,
To obtain satisfactory solutions in this regime it is considered necessary to
adopt to two-dimensional approach that takes into account the viscous interaction
between the two streams.,

From the discussion of the supersonic solutions it is concluded that
the ones that are most likely to exist physically ars those corresponding to
maximum mess flow sclutions in which the system chokes due to the two stream
effect, All other solutions will remain at maximum flow conditions in which
the mixed stream becomes choked, Hence it is &also concluded that the total
pressure of the mixed stream always lies between those of the two Injected

streams, Al) such solutions are found to be irreversible, that is they produce
entropy.

It has been shown how these theories may be adapted to include supersonic
injection and the mixing of different gases. In the case of supersonic injection
it is found that the two stream choking effect is applicabls to those flows in
which the primary stream is injected in an underexpanded state,

The results predicted by this approach have not yet been compared fully
with any experimental work., This is mainly due to the lack of any published
results of a suitably comprehensive nature, The author, &t the time of writing,
is about to embark on an experimental programme,
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Appendix I

Derivation of the Mass Flow Density and Momentum Flow Functions

The mass flow, m, of & perfsct gas flowing steadily past a certain
cross-section in a duct, is given cue-dimensionally by the following expression:-

m = Apv where A is the duct cross-section,
. p 3is the density of the gas,
and v the velocity of the gas.

- Introducing the perfect gas law,

p = pRT where p 1is the pressure,
R the gas constant,
and T the temperature,

end using the normal isentropic relations the expression for the mass flow may

be rewritten,

m:ApV
=A%PtanT)
AP 2y (1 -3y =)
AT Ay
VR T \] y -1
where M is the Mach number,
‘1‘t the total temperature,
Pt the total pressure,
y the ratio of the specif_c heats,
p
w the isentropic pressure ratio —
P
t
' LY =N L
2 Now if we define the mass flow density function y as the function (1 -V )? W
Y

of W, we see that the mass flow may be wriitten:-

S ]
m = L —_ Ly (W)
v T R (y - 1)

t

Similerly the energy flow may be written,
' P oo . v (.
N R(y - 1)

The/
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The momentum flow, ¥, is given by,

N = A(p+pv2) .

This may also be written in terms of the stagnation conditions and a single
property which in this case we shell call the momentum flow function f(w).

¥ = A(p+pv2),

~ ~ 42
=A(th+ thM>,

y +1 2y
:APo e w ;‘7(1 y)/y"1

t
y -~ 1 y + 1
y +1

.= AP f(w).

t

y -1

where f(%), the momentum function, is defined as:

o) = w2 §(1‘Y)/Y-1>.

Yy + 1

- B
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Appendix II
Extension of Theory to the Case of Mixing Two Differant Gases

The theory developed above is also applicablie when the compositions of
the twc streams are not the same, However the equations presented with this
theory have to be rewritten in a more general form in order to take into
account the differences in properties., Each stream will have its own values
of gas constant, R, and ratio of specific heats, y. The values of these
constants for the mixed stream will depend upon the ratio of the primary and
secondary mass flows and thus may only be determined when these are slready
knom, The mass flow density and momentum flow functisas must be redefined
as funotions the two variables w and vy.

The mass flow past a cross-section now becomes,

He
!

1
A Pt (H Tt) 2 Y(': Y)'

1
(1(1 _aly - 1y )‘15;:,7 ]
y -1

where y(w, y)

Similerly the energy flow,

e
[

ar, o (/02 y G, ).

and the momentum flow,

i

AP, £(w, y).

where f 1is redefined as

£(%, y) = .;(-21— AU le)
y -1 y =1

If the mass flows of the primary and secondary streams are m, and m,,
3

respectively, the gas constant R, for the mixed stream will be given by:-

m,R, + m.R
k. = 11 22.

m1 +m2

The ratio of the specific heats Y3 for the mixed stream will be given by

. m1 Cp1 + m2 Cp2
3 - [
m1 Cv1 + m2 Cv2

To/
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Po illustrate how the equations mey be modified an example will be

given. Ccnsider Eagn. (9a) from section 2,2, This states that the mass flow
of the mixed stream must be equal %o the combined mass flows of “the primary

and secondary streams. It will now have to be written,
-z -z
n ot 2 - 1 " L™
y(w22,y2) + z" %' (r h) y(w12,y1) = (1 +3") x (r, h3) y(w33,y3).

mr+nm

where r = R1/R2 and r = 42,
m1 + m2

Having rewritten Eqns, (7c¢), (8c), (10a), (41a), etc., in a similar
manner the same method of sclution as outlined above in section 2,3 may be used

to find the state of the mixed stream,

e
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figures 6 to 21.

Full Solutions for Sonic Injection.

In figures 6 to 21 a seriss of full solutions for sonic
injection constant area mixing is given. Each curve represents
the performance of an ejector of fixed geometry and fixed
upstream stagnation conditions. Different points on the same
curve correspond tc different mass flows and different exhaust
pressures, The solutions are plotted in the P2 - 93 field. PJ,
is the secondary injection pressuﬂe and it is éhis pressure t%ét
determines the mass flows within the system. P, is the exhaust
pressure at the exit of the mixing tube. In the subsonic solut-
ions P, is also equal to the back pressure into which the
ejector exhausts., Both P, and P are normalised by dividing
them by the secondary to%al pressure. Poirts,on the supersonic
branches of the solutions,beyond which there is a loss of entropy
are marked thus e and those beyend which there is a2 gain in
toctal pressure are marked thus a . The generzl form of a
typical solution curve is shown in the figure below.
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Fiqure 22.
Soundary batween Choking Effects in the Supersonic Regime.

[
Total U 2 = .01 0.) z
Pressure | 6.0 53 ;s :
Ratio : * r
5 ey
5.0
t 0.3
4.0 sdseh )
>y
toveed
aaads
:’ + 3
3.0 FeEt iesE:
.: 3 - “'5
} re T :.7
2.0 i3asze ;253E: i : : 0.0
Sl : :
1.0 faeoans = : e 3
1.0 2.0 3.0 &0 5.C h
Totel
Ealbhalpy
Ratio

The domains of the threoe dimegnsicnzl] contrel | cremeter
field, W~ z - h, wathin wkich the syetem chokes due Le the
choking of the mixed stream and due tc the twe cticer ctekirg
effect zre divided by 2 surface centaining Lhese selitrone
that choke due to both c¢ffects sirultencously, This curface is
shown in the figure above plolied @s lines of constent z in
the W - h field.

Boundary between choking etfects fn the supersonic regime.
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‘ Fiqures 23 to 28.

In these figures the Supersenic eqime soluticns are
plotted 2s surfaces in the three dimensinnzl w - h - P, fiecld.
: Each Tigure represents a particular geometry or value of z.

3 The solutions double valued in P, are those corresponding to
1 two streem chcking., The upper branches of these sclutions are
g subsonic solutions znd the lower tranches supersonic. The

- surfaces are represented by lines of constant total pressure

7/
ratic, v, in the h - P, fidld,
Fioure 22,
Tenmetric retiao z = 0.01.
Total pres~ure relics 7 , from the insjide out, 1.1,1,3,1.7,
2.5,2.0,4.0, 6,0.
Crhayst
Pressure
"3/8,
1.0 H :
G.p
0.G 2=
0.4 33 sfint ;
0.2 il
c.n : : ; H o,
1.0 2.0 7,0 4.0 5.0 h
Total
. Enthalpy
-‘_/ Ratio.

Solutions in the supersonic regime for sonic injection.
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fiqure 24. Seometric ratio z
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Figure 25. Geomgtric ratio z = G.3
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Figure 26,

Ceometric Ratio z = 0.5
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figure 29. Choksd Solutions for Total Enthalpy Ratic of Unity.
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Tetal Fressure Ratio

The maximum flow solutions,for the system ir which the tectel
enthalpies of the two streams are the same,for> twun surfaces
in the three dimensional z-T -P, Figld. In the fiqure above
these surfaces are shown as lires constaznt z in thew-P,field,
The upper surface contains the subscnic scluticns and the
lower the supersonic soliutions, Yhe mixed llow will only choke
in the special case whenT = 1, For hiqh values of 7 and W the
solution enters the Ba<e Pressure Regime, This is shewn by
truncating the curves at the appropriate velue of ™,

Choked solutions for total enthalpy ratic of unity
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Primary Injaction fMach Number.

2934l FIG. 30

Figure 30 is a plan wisuw of the three dimensicnal space
formed by the comntrol paramsters M ., and z, projected owito the
nlane z = 0. The z exia thus may b& coneidersd to be normal to the
plane of the paper, Thress surfaces ara depicted; two of thase,ths
p? surface and the Basa fressurs surface,are indepsndent of z sand
t&us mey bs generated by limes normal to thes paper.Their projsctions
on the plane z = 0 arc therefore single curves. Tha P! surface,
howsver, is repressnted by a series of curves forming constant ¢
contours. This surface lies bstwsen ths other two,intersecting
with the P! surfacr, along the common curve z = 0. Each point in
the space corresponds to a particulsr ejsctor system operating at
a apeclific total pressure ratio. The surfaces dapicted divide the
space into four sepsrate volumeg sech reprasenting & specific flow
regimse. Tha mcde in which any particular ejector system will choke
may be dstermined by finding in which volume ths corrssponding
point liea., The volume betwean the plane T = 1 and ths P! surface
represents thes Supersaturated Supsrsonic Regime. The volume
bstween the plane ml = 1 and the Base Pressure surface contains
the Bass Pressurs soiutions. The vclume betwsen the PT surface
and the Base Pressure surface is divided into twc by the P! surfacej;
ths part below the P! surfzcs corrasponds to the Supsrsonic Regime
and the part above to the Saturated Supersonic Regims,
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Boundaries of the supersonic reqgime fcr supersonic

injection.




